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Abstract 

A family of normalized tight periodic wavelet frames is constructed. The family has optimal time- 
frequency localization (in the sense of the Breitenberger uncertainty constant) with respect to a family 
parameter and it has the best currently known localization with respect to a multiresolution analysis pa- 
rameter. 
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1 Introduction 

During the last years the wavelet theory of periodic functions has been continuously refined. First, periodic wavelets 
were generated by periodization of wavelet functions on the real line (see, for example, [6]). A wider and more natural 
approach providing a flexibility on a theoretical front and in applications is to study periodic wavelets directly using a 
periodic analog of a multiresolution analysis and a unitary extension principle. The concept of periodic multiresolution 
analysis (MRA) is introduced and discussed in [121 1141 1151 1161 121] , In [9], a unitary extension principle (UEP) for 
constructing normalized tight wavelet frames is rewritten for periodic functions (see Theorem [T]). Later, the approach is 
developed in [^. 

In this paper we focus on a property of good localization of both periodic wavelet functions and their Fourier 
coefficients. The quantitative characteristic of this property is an uncertainty constant (UC). It is introduced by Brei- 
tenberger in [3] using physical reasons as the product of frequency and angular variances (see Deflnition[l}. The smaller 
uncertainty constant corresponds to the better localization. But there exists a universal lower bound for the Breitenberger 
uncertainty constant. This is the essence of the Breitenberger uncertainty principle. Furthermore, there is no extremal 
function for this principle, i.e. there is no function attending the lower bound. The proof of this result can be found in 
[17) . So, to find a sequence of functions having an asymptotically minimal UC and some additional setup, for example 
a wavelet structure, is a natural concern. 

Some papers in this direction include [101 1141 1171 120[ . In [14] for a wide class of scaling and wavelet functions the 
following asymptotical equality is established: UC{tfin) = 0{y/n), UC{^n) = 0{^/n), where n is the dimension of MRA 
space V„. For the first time the uniformly bounded uncertainty constants are computed in [5D] for so-called trigonometric 
wavelets (see also [19|). In [10], it is shown that the uncertainty products of uniformly local, uniformly regular and 
uniformly stable scaling functions and wavelets are uniformly bounded from above by a constant. In [17] an example 
of an asymptotically optimal sequence of periodic functions ip^ for the periodic uncertainty principle is constructed, 
namely UC{(fih) < 1/2 -I- v'/i/2. Later, each item iph of the sequence is used as a scaling function to generate a stationary 
interpolatory MRA {V„). For the corresponding wavelet functions 'tpn.h the UC is optimal for a fixed space V„, but the 
estimate is nonuniform with respect to n, namely UC{ipn^h) < 1/2 -I- l.ln^Vh with arbitrary h> Q. The situation is the 
same after orthogonalization: UC{ip^f^) < 1/2 -I- l.ln^^/h, UC{ip^j^) < 1/2 + r?\fh. 

In this paper (Theorem[3]l we construct a family of scaling sequences — {((^")j : a > l} generating a family of 
wavelet sequences '^'^ — {(ipj)j ■ a > 1} corresponding to a nonstationary periodic MRA as it is defined in [T^], [2T] 
and [8]. Each scaling sequence has an asymptotically optimal UC with respect to the dimension of MRA spaces (see 
Definition [2]) . The UC of each wavelet sequence tends to 3/2. It is the smallest currently known value of the UC for 
periodic wavelet frames. The convergence is uniform with respect to the parameter a, namely 



hm sup UC{^'^) = i, hm UC{i>^) = ^. 

3^°° a>l ^ J->oo I 



But the main property of the families is the optimality of the UC for all functions of a sequence ((^j )j and simultaneously 
with respect to the parameter a. Moreover, it turns out that this property is inherited by the family ^f". Thus, (see 
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Definition [2]) we get 

lim supUC{ipj) = -, lim UC{ipj) — -. 

a — ^oo j(z^ A a — ^oo z 

This issue in principle answers the question stated in P[7] whether there exists a translation invariant basis of a wavelet 
space Wj which is asymptotically optimal independent of the MRA level j. In other words, we are looking for a family 
of scaling and wavelet sequences having the asymptotic optimality for every element of the sequence. In Theorem [3] we 
get an affirmative answer for the scaling sequences and for tight wavelet frames with unitary bound instead of basis. 
We will consider the particular issue for wavelet sequences in Section [l] 



2 Notations and auxiliary results 

Let 1/2(0, 1) be the space of all 1-periodic square-integrable complex-valued functions, with inner product (■,•) given by 
(/. 9) ■= Jo fi^)9{x)dx for any f,g,€ L2(0, 1), and norm || ■ || — \/(-, ■)• 

The Fourier series of a function / G 1/2(0, 1) is defined by X^fegz /(^)^^'''*^' where its Fourier coefficient is defined 
by/(fe) = /o /(^)e-'"''^d:c. 

Let H he a separable Hilbert space. If there exist constants A, B > such that for any f £ H the following inequality 
holds ^11/11^ < l(/i fn)f ^ ^ll/lP) then the sequence (/„)„gN is called a frame for H. li A = B = 1, then the 

sequence {fn)neN is called a normalized tight frame for H. 

A frame (/n)neN is a spanning set, i.e. for any function f £ H there exists a sequence (ak)k such that / = Okfk- 
Moreover, if in the case of a normalized tight frame it is known that ||/n|| ~ 1 for all n G N, then the system forms an 
orthonormal basis. More information about frames can be found in 4 . 

In the sequel, we use the following notation fj,k{x) :— fj{x — 2~-'fc) for a function fj £ ^2(0, 1). Consider functions 
ifio = 1, ipj G 1/2(0, 1), j = 0,1, . . . If the collection :— {(po, V'j.fc ■ j = 0, 1, . . . , fc = 0, . . . , 2-' — l} , forms a frame (or 
basis) for 1/2(0, 1) then 'i' is said to be a periodic wavelet frame (or wavelet basis) for 1/2(0, 1). 

Let us recall the UEP for a periodic setting. 

Theorem 1 ([SJ, (I5p Let tpj G -£/2(0, 1), j = 0,1, . . . , ipo = 1, he a sequence of 1-periodic functions such that 

lim 2^^'^ipj{k) = 1. (1) 

There exists a two-parametric sequence such that f^l,^23 ~ ^^'^k' '^'^'^ 

^j-i(fc) = Mfci^j- (2) 
Let Ipj, j — 0,1, . . . , be a sequence of 1-periodic functions defined using Fourier coefficients 

^.(fc) = AfV.+i(fe), (3) 



where , ^ - = \l and 

k-\-2J "/ 



(4) 

Then the family ^ := {(po,4'j.k '■ j = 0, 1, . . . , A: = 0, . . . , 2-' — 1} forms a normalized tight wavelet frame for 1/2(0, 1). 



The sequences {^Pj)j and (^j)j are called scaling and wavelet sequences respectively. For fixed j = 0,1, . . . the periodic 
sequences (^^)fc and (A^)fc are called masks and wavelet masks respectively. (To be more precise, (/i^)fc and (A^)^ are 
discrete Fourier transforms for periodic analogs of masks and wavelet masks, but for the sake of brevity we use the 
aforementioned notations.) 

This setup generates a notion of periodic MRA in the following way: By definition, put V, = 
span {fj.ki A; = 0, . . . , 2-' — 1} for j > 0. Then the sequence (Vj)j>o is a periodic MRA. 

Originally, the concept of an uncertainty principle was introduced for the real line case in 1927. The (Heisenberg) 
uncertainty constant of / G I/2(R) is the functional UCnif) '■= A/Aj such that 

^} ■■= ii/iiz'(E) - toffrntr dt. A} ii7ii-i,„, j^ic c^.^rmur du^, 

■■= ll/IIZ'(«)/K*l/Wl'dt, \\f\\-J^^J^u.\f{^)\^d^. 
Let us recall the definition of the uncertainty constant and the uncertainty principle for a periodic setting. 
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Definition 1 ([3]) Let f{x) = X^^gz Cfce'^'^''^'^ be a 1-penodic function f £ 1/2(0, 1). The first trigonometric moment 
defined as 



IS 



The angular variance of the function f is defined by 

|2\2 



The frequency variance of the function f is defined by 

varpUJ r—r^ — ; — — j — ,, rtio + 



The quantity 

UC{{ck}) ~ UC{f) ~ v/varA(/)varF(/) 
is called the periodic (Breitenberger) uncertainty constant. 

The following uncertainty principle holds in the periodic setting. 

Theorem 2 ([3l[l7]) Let f G L2(0, 1) and f(x) / Ce"=^, C £ R, G Z. Then UC{f) > 1/2 anrf there is no function 
satisfying the equality UC{f) — 1/2. 

Since periodic wavelet bases and frames are nonstationary in nature and the uncertainty constant has no extremal 
function, it is natural to give the following 

Definition 2 Suppose that tpj (tpj) is a scaling (a wavelet) sequence. Then the quantity 

limsup l7C(<^j) (limsup f/C(V'j)) 

j — ^oo j-^oo 

is called the uncertainty constant of the scaling (the wavelet) sequence. We say that a sequence of periodic functions 
if /las an optimal uncertainty constant if 

lim UCifj) = 1/2. 

3 Main results 

In the following theorem we construct a family of periodic normalized tight wavelet frames with optimal uncertainty 
constants for scaling functions and wavelets. 

Theorem 3 There exists a family of periodic wavelet sequences 'i/a '■= {(V'j such that for any fixed a > 1 the system 
{<fio} U {V'j,*! • j ~ 0,1, . . . , fc = 0, . . . , 2^ — 1} forms a normalized tight frame in 1/2(0, 1) and 

lim sup[/C((^") — i, lim supL''C(v3") — i, (5) 

a>l 2 o— >cxD jgjj 2 

lim f/C(V'-) = |, lim C/C(V-) = i. (6) 

The following lemma provides a construction of the wavelet family stated in Theorem |31 
Lemma 1 Let v-j^'^ be a sequence given by 

exp(-(-^^), fc = -2-^ + l,...,2-^ 

I (7) 

^1 - exp (-H(--z;M) , k = 2-^ + 1, . . . , 3 X 2-^ 

and extended 2^ -periodic with respect to k. Furthermore we define ^"(fc) ;= n^j+i^fc'"- Then the scaling sequence, 
masks, wavelet masks and wavelet sequence are defined respectively as 

^S(fc):=2-^/^^(fc), Mr:=^i'r, 

Af . €(fc) Ai+^'"^(fc) (8) 

and the family a := {l,i'j^k '■ J = 0, 1, . . . , fc = 0, . . . , 2-' — 1} satisfies the conditions of Theorem\3i 
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< 2tt 



Proof. Using definition ((Tjl and the elementary identity {j — 1) ^(j — 2) ^ = (j — 2) ^ — (j — 1) ^, we get 

[ nt;+, ^.^'^ nr.. ^."^ = (Yiizi, ^i") exp (-^) , j < j - 2, 

t n.°l,+, e-T^-W-i)^ = exp (-^) , J > J - 2, 

where J = Llog2 |fc — 1| + 3J . Therefore, the coefficients Q{k) are well-defined. Then a straightforward calculation 
shows that conditions (O-Q hold. Consequently, the sequence {vl.'°')j^k defines scaling and wavelet sequences in the 
aforementioned way ((Sjl and the family '^a '■= {l, V'j,fc • i = 0, 1, . . . , fc = 0, . . . , 2-' — l} forms a normalized tight wavelet 
frame for 1/2(0, 1) for any fixed a > 1. 

Let us check equalities ([Sjl and (|6]). First, the uncertainty constant is a continuous functional with respect to the 
norm ||/||vk2 ||/||^ + ll/'ll^- Indeed, let us check that t(/) and (/', /) are continuous functionals with respect to this 
norm. It follows from elementary properties of integrals and the Cauchy-Bunyakovskiy-Schwarz inequality that 

\r{f)-T{g)\ = 27r Te^^'n/Wl'd^- /'e'^'lffWI' 
Jo Jo 

- \g{x)f\ dx < 2^ (||/| - |.g||, |/| + |.g|) < 2^|||/| - |.g||| |||/| + |.9||| 
< 27r||/-.g|| + <27r(||/|| + ||3||)||/-g||^2 

and 

|(/', /) - (9, 9)\ < |(/', /) - (/', g) + (/', g) - (9, 9)\ < f-9)\ + - 9, g)\ 

< ll/'ll + llffll <max{||/'||,||p'||}||/-<;|U-.. 

Since the uncertainty constant continuously depends on ||/||, ||/'||, '!"(/), and (/', /), the result can be proved by direct 
calculations. 

The uncertainty constant is a homogeneous functional, i.e. UC{af) = UC{f) for any q G R, so 
UC((I>'-) = UC{2~^''^^^) = UC{^j) and in the sequel we prove the equalities lim^^oo sup^>i [7(7(5^) = 1/2 and 
lima^ooSuPjg„C/C(Cj) = 1/2 instead of ©. 

Let US denote 

(x) := ye (3-1)" e =e ^"^ ^ e (j-i)»e 
fcGZ feez 
Since the C/C is a homogeneous functional, 

UC{^'^'°) = UC (J^e'TT^ 
It is known (see [17]) that 

lim UCiie'^T}) = 1/2. 

j—^oo ^ ^ ^ ' 

Substituting (j — l)a for j it is clear that for any a > 1 the equality is preserved and the rate of convergence does not 
decay as a — >■ cxd. Thus, it is fulfilled that 

lim supi7C(e-'°) = \. lim supC/C(C-'°) = \. 

j^oo n>l 2 a->oo jgf^ 2 

So, taking into account the continuity of the uncertainty constant, it is sufficient to check that limj_>oo — Cj ^'llivf ~ 
uniformly on a > 1, and lima_^oo — '"llw^ = uniformly on j G N. 
Using the definition of i^^'", we get 

oo oo , 7.2, 2 \ /i2,2\ 



for fc = —2^ + 1, . . . ,2^ ^. Applying the elementary property of series to the Fourier coefficients (fc) and ^°'°(fc), 
(namely, if limj^oo(aj (0) - 6j (0)) = and limj^oo I]fcgz Wjik) - bj(fc)|^ = 0, then limj^oo Y^kez \°'jik) - b](k)\^ = 0) 



we see that it is sufficient to check the following equality limj^oo II (Cj)' ~ (Cj' )'ll = 0- 

Let us consider coefficients ^"(fc) and ^"''^(fc) for fc > 2^"^ + 1, that is for j > J — 1. Using ([9]), we obtain 



( '^r) exp 



(J-2)a 
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One can rewrite the coefficients ^"'"(fe) as 



(J- 2)a ) ' 



where we denote r/^'"'" := exp f-p^jy^^^^ j • So, 



, r.a.O I ^ 1 I r,a\ 



J-1 J-1 

- 11 

r— j'+l r— j + l 



cxp 



(J - 2)o 



From < 1, |zy['"| < 1 it follows that 



(J - 2)a 



If we combine this estimate with (|10p . we get 

2(n2 + a^) 



Y.k^\i-{k)^if\k)\ <2 ^ nVp 

fceZ n = 2j-2+l 



(Llog2|n-l|J +l)a 



The last expression is a remainder of a convergent series. Therefore, it tends to as j — > oo. To check the convergence 
of the series to as a — > oo and uniformness on a in the case of j — >■ oo, we suggest the following estimate 

-4^^ + ^ > > a^/V/^ forall.>2,a>l. (11) 

(log2(2:- 1) + l)a - (log2a; + 3)a - - . - \ ) 

To prove pi[) rewrite the inequality in the form 

2a - a;^''^(log2 x + 3)a^/^ + 2x^>Q 

and by definition, put g{a) := 2a^— ^^''■^(logj x+3)a^^''+2x^. Using standard methods we find g'{a) = 4a— 5/4a;^''^ (log2 ^+ 
3)a^/*, and (?'(a) = as a = ao = (5/16a;^^^(log2 x + 3))*'''^. Let us check that m\na>ig(a) = g(ao) > 0. Indeed, 
g{ao) = 2x*'^ [x^'^ - &(log2 a; + 3)*/^) , where h := 3/16(5/16)'^''^ By definition, put 

r,2t/3 

51 W 



Then 5i(t) — as t = to — 41og2 e — 3 and it is a straightforward calculation to show that mint>o gi{t) — gi(to) > 0. So, 
g{ao) > 0, and (fTTj) is proven. 
Using estimate pi|) . we get 

„=23-2 + l ^ VL 62 J I y / „ = 2j-2+l n = l 

It is clear that the last series converges uniformly on a > 1. So, it tends to as a — )■ oo. 

Thus, the convergence limj_»oo — CJ ^IIvk^ = is uniformly on a > 1 and lim£,->oo — Cj ^llw^ = is uniformly 
on j £ N. This completes the proof of ((5]). 

Let us consider the case of the wavelet sequence (^j)j- We prove this case in the same manner as the last one. The 
functions t/i", rf^ , 77"'" (the last two functions appear later) play the role of Lp'!j , ^" and ^J'" respectively. 

It follows from the definition of that ^i'^[k) = A|^+^'''^+i(A:)= e^'''^"''''=/i^+2'"<^"+i (fc) = 

2l/2g2^i2-^-lfc^j + l,a2(-i-l)/2^_^^(^)^ Qgj^Q^g .^g2^i2-^-lfc^J + l.a^_^^(^^^ gj^^^^ 

'^1+2:1'^ ~ ~ (~2(fc-^ + a?)/{j{j — l)a)) for = —2-'^^ + 1, . . . , 2-'~^, one can introduce a function Ty^'*^ by 



57;-"(fc) e-- ^ / 1 - exp ( - f ^ + f ^ ) CJ^iW- 



Then, the functions 77"'" and 77^ satisfy the property (compare with (|lUp l 

rr,{k)^nT\k) for fc = -2^-^ + l,...,2^'~\ 

Using the same arguments as for the scaling sequence, it can be shown that Ivaij^oo Wirfj)' ~ ('/J'")' II = and 
lima^oo II iVj)' " (^j '")'ll = s^rs fulfilled uruformly on a > 1 and j G N respectively. Therefore, limj_s.oo sup^^j^ |(/C(r;") — 
UC{rij''')\ = and lima-»cx) sup^^g \UC{rij) — UC{'rij''^)\ = 0. Hence, to conclude the proof it remains to check the equali- 
ties limj_>oo UC^-qj'") = 3/2 and lima^oo UC{ri^'^) = 3/2. The proof is given in Lemma[2l This completes also the proof 
of Theorem [3] □ 
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Lemma 2 The following equalities hold: 



lim UC{ri°-' ) — 3/2 for any fixed a > 1 

j—^oo 



and 



lim UC{rif°) = 1/2 for any fixed j G N. 



Proof. Let us estimate the quantities ((j^J'")', ll*7j '"ll'^i ll(*7j s^nd |t(?7J''')| as j — >■ oo for a fixed a > 1 

and as a — > oo for any fixed j G N. Since = \rij'^\~k)\, we see that 



feez 

For convenience we replace j by l//i and a by 1/g in our calculations. Then for the new parameters we have /i and 
q — > 0. However, to avoid the fussiness of notations we keep the former name for the function V^'^- We obtain 

2h^{q^k^ + ( 2/i(g2fc2 + l) 



II £t,0||2 



fcgZ 



fcSZ 



(1 - h)q 



exp 



= E(^^p(- 

feez ^ ^ 



2h[q^k'^ + 1) 



exp 



2fe(g^fc^ + 1) 
(1 - 



Using the Poisson summation formula for the function fit) — e 



(12) 



we get with b = 2/ig, t = 0, 
2/i(g2fe2 + 1) 



Eexp 



feez 



e . ^e 

feez 

e 9 



2h<jfe^ 



TV 

" V2hq 



feez 



2/i(7 



1 + 2e ^ exp 



-7r^(fc^-l) 
2hq 



_2h. / TT 

: e 1 



+ e-f^O(hq). (13) 



The last equality follows from the fact that the series X^fcLi s^P (— 7r^(fc'^ — l)/(2/!,g)) is bounded by the geometric 
series X^fcLi^^P (— ""^(fe — l)/(2/ig)) . We replace e~'^ /(^hij) i-,y g-i/Ci?) unify the estimates for all expressions. 
Using formula p2l) for 6 = 2^g/ (1 ~ h) and t = 0, we obtain in the same way 



Eexp 

feez 



2/t(g^fc^ + 1) 

(i-/i)g 



exp 



exp 



exp 



2h 


9(1- 


/.) 


2/i 




q{l- 


ft) 


2h 




9(1- 


h) 



7r(l - fc) 
2ft^ 

7r(l - fe) 
2ftg 



Eexp 



feez 



1 + 2exp 



-7r^fc^(l - h) 
2hq 



2hq 



Eexp 



-7r^(l-fa)(fc^-l) 
2ftg 



7r(l - ft) s 



Hence, we have 



= E e^P 



2ft(g2fc2 + 1) 



exp 



2ft(g^fc^ + 1) 

(i-/i)g 



_22i. / TT /7r(l — ft) ^ 

= e <! . / he 9(1-''),/—!^ ^+e'"J 



2ft(7 



2ftg 



+ e O(ftg). 



(14) 



To estimate the quantities IK^??'")'!!^ we write 



^iK.r/f - E^^ir(fc)i^=E^^(-p 



feez 

_ 2 

e 9 



2ft(g2fc2 + 1) 



exp 



2ft(g^fc^ + 1) 
{l-h)q 



2h 



E^^ 



. e 9(1-^) ^fc^exp f -y-^ 



feez 



2hqk'^ 
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Using formula (|12|) again with b — 2hq, t — 0, we get 



exp 



2q\^ ] 2q \y 2hq \ 2hq 

1\ I TT 1 \ - 7r^fe^\ 1 / TT TT^ ^"^,2 / — TT^fc' 



2q \ 2J y 2hqh^ ' \ 2hq J 2qV 2hq 2h^q ^ ' \ 2hq 

Note that it is possible to change the order of summation and differentiation above. If we combine the equality with 
((13)1. we get 

^ AqV 2hq h \ ^ ^' ) 2q V 2hq h^q ^ ^\ 2hq 

Since the quantity fc^exp 7r^(fc^ — l)/(4/ig)) is bounded and the series X^fc^i ^xp (— 7r^(A:^ — l)/(4/ig)) is majorized by 
X^fcLi 6xp (— 7r^(fc — l)/(4/ig)) , we conclude that the series X]fct=i 'i^^exp (— 7r^(fc^ — l)/(2/!,g)) is bounded. Hence, 

Therefore, 

VfcV^'^"^' = I J^^+e-^Oihq). 
t^z ^y2hqhq 

If in the last calculation we replace 2/i by 2ft/(l — ft), we obtain 

s:'"».'(-f=S)-^fe-(-!^ 

fesz ^ ^ ^ Vfegz ^ 

^2 ' '~ 



2<j \ V 2/i(7 ^ ^ V 2ftg J j 4 Y 2ftg /ig ' 



Hence, 



' Winf'rr = e-f yfcV^'^"=^-e-i(^^yfcVp(-|'^'^^ 

fcgz fcgr 



47r2 



-iqhy 2hq 'ihq\j 2hq 

So, recalling that '")', '7^''") = 0, we get the following expression for the frequency variance: 

„a,0\/||2 



1 mn'W 1 e-y-e-^(^(l-/i)^/^ 



4^2 |,^«.0p 4;,g^_i^_^__-_^^_^^^/, 

Therefore, 

Let us, finally, estimate the first trigonometric moment r{ru'^^). By the definition of rij}'^'^) we have 



-|r(,.)|= exp(^2.:2 ^ ) E ^/ ( 1 - exp ^ J J (^1 - cxp 



fcez 

xexp,-M2!^%xp^ + + 



2h?\ ( 2k'^qK^\\ [ ( 2h?\ ( 2{k + lYqK 



Our task is to get the following representation for l'r(?7°''')| : 

— = e~^ ( ,/^\/ft+^^^\/ft3 + 0(/i^ln/i) 1 for a fixed <? < 1 and ft ^ 0; (17) 

27r' VV S"? 4^2 / 

1 n 2h f hq j TT /I 1 \ \ 

)l = ^ ~ h'"" Jttt- +0 — c 9 for a fixed ft < 1 and g ^ 0. (18) 



27r' " V V 2ftg 
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Let us prove the estimate (|17p . Put by definition 



2h^ ... 1 



v{k) ■- qk^ + -, s(fc) := 2fc^ + 2fc + 1. 



Thus, the first trigonometric moment is rewritten as foliows: 

-hqs{k) 



^|r(77^"'")| = e"^ ^ y'(i_e«"(fc))(l-e'"'(*+i))e- 



27r' 

fee 



Using the Tayior formula for the function /(a) — \/(l — e''"(*))(l — e^^C^+i)) in the neighborhood of a = 0, we j 
/(a) = y/v{k)v{k^l)a ~ ^y/v{k)v{k+l){v{k) + v{k + l))a2 + 

where 

f"(a) = i ('e"'"'**'('l - e"'"'''''h^('l - e"'"''*^^')^!'^!'^) 

•' g(i _ e-''«('=))5/2(l - e-''"('=+i))5/2 V ^ J l-L K ; u 

+3e-'"'<'='(l - e-'"''*=+'')2t;^(fc) (^(1 - e-'"'''=+'')i;(fc) - e-""('=+i)(l - e-'"'<'=>)t;(fc + 1)) 

_g^_,,(fc)_,„(fc+i)^^ _ g-a.(fe)-j2(.^ _ e-'"'('=+i))2i;(fc)„(fc + l)(,;(fe) + v{k + 1)) 

_^3g-a.{fc+i)^^ _ g-a.(fe)^2^2^^ _^ _ e' ''''^''^)v{k + 1) - e-""('^(l - e-^^t'^+^Vw) 

_^g-a.(fc + l)^^ _ g-a.(fe + l)-j2^^ _ g-a.(fe)^3^3(^ ^ ^ 

It is a straightforward calculation to show the following estimate: 

|/"'(a)| < Civ'''^{k)v^'\k + 1) + C2v'"\k)v^^^{k + 1) + C3i;'''^(A:)u'^'''(fc + 1). 
In the sequel, we denote by C„, n £ N positive constants. Recalling the notations for a, v(k) we obtain 



6 

Using the ideas of estimating IK??" we have 

/i^^/fc^-^'^W < C4/i'^/fc%-'^"'' = Cs/i" fee""'"') = ^6'*' (ft"'^' +e-'feo(ftg)) = 0{h^'^). 
feez fcez \fcez / 

Therefore, the first trigonometric moment takes the form 

^lr(r,;'°)l =e"t ^ ^v{k)v{k + I) (a ^ ^{v(k) + v{k + l))a'') e^'^'^^'^' + 0(/i''''^ 
feez ^ ^ 

Let q: 1/fc and let the function g defined by 



V^(fc>(fc+1) = ^(^qk^ + l^ + 1)2 + 1^ = ^VG^?) + + ^^"^ 



Using the Taylor formula for (7(a) in the neighborhood of a = 0, we obtain 

3(a) = (7 + (ja + -Q H — a , 



where 



, 1 6a{2/q + 2q) + 6{2a/q + 2{l + a)q) 

' ^ ^ ^ 

3 ^.V. + .)(2/. + 2q) + ^"(2a/. + 2(1 + a)q) + 4(aV. + d + af,) 



4p3(a) V g 

, 2 /„ I ^1 I „ \2 



X ((aV. + .)(2a/, + 2(1 + a)q) + Mi!Zi±(l±i!m) 
3 



3 // 2, , N X 2Q(aVg+(l + a)^g)^^ 
+ TTrT + 9)(2"/g + 2(1 + Q)g) + ^ ^ '-' 
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It is easy to see that lima_>o 5(0?) = 0, lima^ao g{ct) ~ 0, and g{a) is continuous for a > for a fixed < g < f. Tlius, 
|(?"'(q)| < C{q) and -2— ^^a'^ = 0(l)a^. Therefore, for the first trigonometric moment we have 



^ |r(^-°)|=2e-^ 



2n 



f2 {k\ + fcq + i + ^) {a - \(v{k) + v{k + l))a2) e-'^'^W 



In the latter expression, we omitted the summand for A: = which can be estimated as 

[^l/q{q+l/q)a - 1/ 1/ q{q + 1/ q)a^) e"'''' = O(ft^). 
Let us estimate the coefficient of 0(f) in the first trigonometric moment using a = 2/i^/(l — h) 



+ - I a I e 



2 \ -hqs(k) 



C,a^ie-^'=^=C.a e-' + ^ie 



< Cia ( e-'*" + 



— e 

X 



' hqx 



-hqk' 



dx I — Cia ( e ' + / — e ^ da:: 



1 



= Cia ( e-'*" - e-'^ « 



ln(/i(7)+ / 2xe~'' In a; da; = 0(/i^ In /i). 
FinaUy, recaUing the notation s(k) — 2k^ + 2fc + 1, we get the following expression for the first trigonometric moment 



2\ 2h^ 



qj 1-h 



~hqs{k) 



+ 0{h'^lnh). (19) 



Using the Poisson summation formula and differentiating the series X^fegz ^ f^i^W appropriate times as it is done to 



estimate IK*??'")'!!^ we get 



fcez 
^.(fc)e- 



-hqs{k) 



2hq 



+ e i^iOikq), 



hqs{k) 



1 -\- hq _ M / TV _ J_ „ . , , 



2^-hqs(k) 



h^q^ + 2hq + 3 PF 



2/ig 



+ c i^iO{hq). 



Substituting these expressions into (|19|) we finally obtain (|17p . 

Let us prove (|18p . We estimate |t(??"''')1 for a fixed < /i < 1 and g — > 0. We start with expression H16[). Put by 
definition 



a; := exp 



2fe"(g"fc^ + l) 
(l-/i)g 

It is clear that < x, y < 1/2, and limq^o x = lim5-»o y = 0. So 



y — exp 



2fa^(g^(fc + 1)^ + 1) 
(1 - h)q 



^{l-x){l-y) < (1 - Cia:)(l - CaJ/). 



Therefore, 2^ '")! is rewritten as follows; 
^\rivf')\ = e-^E(l-Cix)(l-C2y)e-'''»( 



fe) 



hqs{k) 



= e--(Si + S2 + S3 + S'4). 



It turns out that Sn = 0(-^e 1 ) for n = 2, 3, 4. Indeed, using the Poisson summation formula as it is done to estimate 

II a,0||2 . 

II??.' II we get 



1 _i 



Therefore, 



^w.r)i=e- 



5i+0(-l=e-i))=e-^(E 



- hqs{k) 



+ 0{ -^e-i 
\/9 



2h. / _hq I TY „ / 1 -1 
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and (|18p is proven. 

Finally, substituting expressions (|14l) . (I15|) . (|17|) . and (I18|) into the definition of the periodic uncertainty constant 
(see Definition [T]) and calculating the limits we obtain 

lim ;7C(Vj,a) = |, lim [/C(V',,a) = J. 

J — ^oo z a— )-oo z 

This completes the proof of Lemma [2] □ 



4 Discussion 

In Theorem [3] for the case of j — > oo we get an optimal uncertainty constant 1/2 for the constructed scaling sequences, 
but it turns out that the wavelet sequences have uncertainty constants equal to 3/2 only. This gives rise to a discussion. 
Let i/)" G L2 (K) be a wavelet on the real line. Put by definition 

i^l^^ix) -2^'''^/(2^(x + n) + fc). 

The sequence ■i/'j ^ is said to be a periodic wavelet set generated by periodization. It can easily be deduced that under a 
mild restriction the Breitenberger uncertainty constant is greater or equal to 3/2 for any periodic wavelet generated by 
periodization. Namely we get the following 

Theorem 4 Suppose {2-' tp'^ (2-' ■ —k) : j,k £ Z} forms a Bessel sequence and ^ = '0'')l2(k) ~ 0' ^hen 

lim (7C(^^ J > 3/2. 

Proof. In [2] the following result is proven: for any function generating an orthogonal wavelet basis defined on 
R such that {ip' , iP)l2(R) = 0, the Heisenberg uncertainty constant is greater or equal to 3/2. In [T] the last result is 
extended to any function generating a wavelet Bessel set. So, we get the inequality UCh{iP^) > 3/2. On the other hand, 
it is proved in that for periodic wavelets generated by periodization of a wavelet function on the real line the periodic 
uncertainty constant tends to the real line uncertainty constant of the original function as a parameter of periodization 
tends to infinity. Thus, limj_»oo UC{ip^ f.) = UCh{4''^)- This concludes the proof of Theorem[4l □ 

These arguments motivate a conjecture: if (tpj, ^j)L2{o,i) = Oi then limj_>oo UC['4'j) ^ 3/2 for any periodic wavelet 
sequence {tpj)j. If this is true, the family of normalized tight wavelet frames constructed in Theorem [3] has the optimal 
uncertainty constant. To prove the conjecture is a task for a future investigation. 

One can prove some results in the direction of Theorem [3] starting with a wavelet on the real line and using the 
periodization (as it is described in [18]). However, it is unknown if there exists a real-line orthonormal wavelet basis 
possessing the Heisenberg uncertainty constant UCh less than 2.134. This value is attained for a Daubechies wavelet [7]. 
The smallest possible value of UCh for the family of the Meyer wavelets equals to 6.874 13 . It is well known [S] that 
the uncertainty constant UCh of Battle-Lemarie and Daubechies wavelets tends to infinity as their orders grow. 

On the other hand, there are some examples of real-line wavelet frames possessing asymptotically optimal uncertainty 
constants. In [21] it is proven that nonorthogonal B-spline wavelets tend to Gabor functions having optimal uncertainty 
constants. In [11] some conditions on wavelet masks are established to provide a minimal possible value for the uncertainty 
constant. They are, however, too restrictive, and it is unknown if there exists a nontrivial example. Anyway, suppose 
/n £ 1/2 (K), G N is a sequence such that Vann^aaUCnifn) ~ 1/2. Using the periodization we define sequences of 
periodic functions fj„{x) :— X^fcgz fn(2-' {x + k)) and applying results from [18] we get only 

lim lim UCiffJ = 1/2. 

j — ^00 n— >oo 

However, it is weaker than the equalities of the form (O, 
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